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Fu and Chen [1] have proposed a concept of geometric phase for mixed quantal
states in cyclic unitary evolution. In the present paper, we demonstrate that this phase
is gauge dependent and thus not a property of the path in state space.
Consider the unitary path
C : t ∈ [0, τ ] → ρ(t) = U(t)ρ(0)U †(t) (1)
of the density operator ρ(0). The evolution is cyclic iff [ρ(0), U(τ)] = 0. In such a case,












are the cyclic pure state geometric phases [2] associated with the corresponding
eigenvectors |ψk(t)〉 chosen to be periodic, i.e., |ψk(τ)〉 = |ψk(0)〉, ∀k.
Now, the periodicity of the eigenvectors is preserved under the transformation
|ψk(t)〉 → |ψ˜k(t)〉 = e
−iαk(t)|ψk(t)〉 if αk(τ) − αk(0) = 2pink, nk integer. It follows













g . On the other hand, by inserting Eq. (4) into Eq. (3), we obtain









where the additional term on the right-hand side is in general not an integer multiple
of 2pi, i.e., eiφ˜g 6= eiφg .
Notice that the path C is invariant under the gauge transformation U(t) → U(t)V (t)





with αk(t) given above. Due to its dependence upon V (t) via the integers nk, it follows
that φg is not a property of the closed path C. In other words, the phase concept
proposed in Ref. [1] is not gauge invariant.
A gauge invariant mixed state geometric phase has been proposed in Ref. [3]. In








and is independent of nk as each phase factor in the sum of the right-hand side transforms
invariantly. This phase may be tested interferometrically as an incoherent average of
pure state interference profiles upon elimination of all the pure state dynamical phases






∣∣∣2 ∝ 1 + V cos [χ− γ], (8)
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where χ is a variable U(1) shift applied to the other arm. γ has recently been measured
using nuclear magnetic resonance technique [4].
In conclusion, we have demonstrated that a quantal phase concept recently proposed
in Ref. [1] is gauge dependent and therefore not a property of the path in state space.
Thus, this phase is neither experimentally testable, nor does it qualify as a geometric
phase for mixed states during cyclic evolutions.
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